This paper concerns the existence of solutions for two kinds of systems of first-order equations on time scales. Existence results for these problems are obtained with new notions of solution tube adapted to these systems. We consider the general case where the right member of the system is Δ-Carathéodory and, hence, not necessarily continuous.
Introduction
In this paper, we establish existence results for the following systems:
f t, x σ t , Δ-a.e. t ∈ Ì 0 , x ∈ BC ; 1.1
f t, x t , Δ-a.e. t ∈ Ì 0 , x a x b .
1.2
Here, Ì is an arbitrary compact time scale where we note a min Ì, b max Ì, and Ì 0 Ì \ {b}. Moreover, f : Ì 0 × Ê n → Ê n is a Δ-Carathéodory function and BC denotes one of the following boundary conditions:
x a x 0 , 1.3
x a x b .
1.4
In the literature, this kind of problem was mainly treated for n 1. The existence of extremal solutions was established in 1, 2 . Moreover, some existence results in the particular case where the time scale is a discrete set difference equation were obtained with the lower and upper solution method as in 3, 4 . In this paper, we introduce a new notion which generalizes to systems of first-order equations on time scales the notions of lower and upper solutions. This notion called solution tube for system 1.1 resp., 1.2 will be useful to get a new existence result for 1.1 resp., 1.2 . Our notion of solution tube is in the spirit of the notion of solution tube for systems of first-order differential equations introduced in 5 . Our notion is new even in the case of systems of first-order difference equations. In this case, we generalize to the systems a result of 3 for equation 1.2 . Some papers treat the existence of solutions to systems of first-order equations on time scales. Existence results are obtained in 6, 7 under hypothesis different from ours. However, some particular cases obtained in 7 are corollaries of our existence result for problem 1.1 . Also, our existence results treat the case where the right members in 1.1 and 1.2 are Δ-Carathéodory functions which are more general than continuous functions used for systems studied in 6, 7 . Let us mention that existence of extremal solutions for infinite systems of first-order equations of time scale with Δ-Carathéodory functions is established in 8 . This paper is organized as follows. The third section presents an existence result for the problem 1.1 , and in the last section, we obtain an existence theorem for the problem 1.2 . We start with some notations, definitions, and results on time scales equations which are used throughout this paper.
Preliminaries and Notations
In this section, we establish notations, definitions, and results on equations on time scales which are used throughout this paper. The reader may consult 9-11 and the references therein to find the proofs and to get a complete introduction to this subject.
Let Ì be a time scale, which is a closed nonempty subset of Ê. For t ∈ Ì, we define the forward jump operator σ : Ì → Ì resp., the backward jump operator ρ : Ì → Ì by σ t inf{s ∈ Ì : s > t} resp., by ρ t sup{s ∈ Ì : s < t} . We suppose that σ t t if t is the maximum of Ì and that ρ t t if t is the minimum of Ì. We say that t is right-scattered resp., left-scattered if σ t > t resp., if ρ t < t . We say that t is isolated if it is right-scattered and left-scattered. Also, if t < sup Ì and σ t t, we say that t is right-dense. If t > inf Ì and ρ t t, we say that t is left dense. Points that are right dense and left dense are called dense.
Definition 2.1. Assume f : Ì → Ê n is a function and let t ∈ Ì κ . We say that f is Δ-differentiable at t if there exists a vector f Δ t ∈ Ê n such that for all > 0, there exists a neighborhood U of t, where
Advances in Difference Equations 3 for every s ∈ U. We call f Δ t the Δ-derivative of f at t. If f is Δ-differentiable at t for every i If f is Δ-differentiable at t, then f is continuous at t.
ii If f is continuous at t and if t is right-scattered, then f is Δ-differentiable at t and
ii αf is Δ-differentiable at t for every α ∈ Ê and αf
iii fg is Δ-differentiable at t and
The next result is an adaptation of Theorem 1.87 in 10 .
Example 2.5. Δ Ì 0 such that f n t ≤ g t Δ-a.e. t ∈ Ì 0 and for every n ∈ AE, then
The following results were obtained in 12 where a useful relation between the Δ-measure on Ì resp., Δ-integral on Ì and the Lebesgue measure μ L on Ê resp., Lebesgue integral on Ê is established. To establish these results, the authors of 12 prove that the set of right-scattered points of Ì is at most countable. Then, there are a set of index I ⊂ AE and a set {t i } i∈I ⊂ Ì such that R Ì : {t ∈ Ì : t < σ t } {t i } i∈I . 
and only if b / ∈ A and A has no right-scattered points. Here, I A {i ∈
To establish the relation between Δ-integration on Ì and Lebesgue integration on a real compact interval, the function f : Ì → Ê is extended to a, b in the following way.
2.13
Theorem 2.13. Let E ⊂ Ì be a Δ-measurable set such that b / ∈ E and let E E ∪ i∈I E t i , σ t i . Let f : Ì → Ê be a Δ-measurable function and f : a, b → Ê its extension on a, b . Then, f is
Δ-integrable on E if and only if f is Lebesgue integrable on E. In such a case, one has
2.14 Also, the function f : Ì → Ê can be extended on a, b in another way. Define f t :
2.15
Definition 2.14. A function f : Ì → Ê is said to be absolutely continuous on Ì if for every > 0,
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The three following results were obtained in 13 . 
2.16
We also recall the Banach Lemma.
Lemma 2.18. Let E be a Banach space and u : a, b → E an absolutely continuous function, then the measure of the set {t ∈ a, b : u t 0 and u t / 0} is zero.
Using the previous results, we now prove two propositions that will be used later. We recall a notion of Sobolev's space of functions defined on a bounded time scale Ì where a min Ì < max Ì b. The definition and the result are from 14 . 
2.23
We say that a function f : Ì → Ê n is in the set W Δ t / x t Δ-a.e. on {t ∈ Ì : t σ t }.
We prove two maximum principles that will be useful to get a priori bounds for solutions of systems considered in this paper. Proof. Suppose the conclusion is false. Then, there exists t 0 ∈ Ì such that r t 0 max t∈Ì r t > 0, since r is continuous on Ì. is a solution of the problem
2.36
We now define a notion of Carathéodory functions on a compact time scale.
n is called a Δ-Carathéodory function if the three following conditions hold.
C-iii For every r > 0, there exists a function h r ∈ L 1 Δ Ì 0 , 0, ∞ such that f t, x ≤ h r t Δ-a.e. t ∈ Ì 0 and for every x ∈ Ê n such that x ≤ R.
Existence Theorem for the Problem 1.1
In this section, we establish an existence result for the problem 1.1 . A solution of this problem will be a function x ∈ W 1,1 Δ Ì, Ê n satisfying 1.1 . Let us recall that Ì is compact and a min Ì < max Ì b. We introduce the notion of solution tube for the problem 1.1 .
3.1
If Ì is a real interval a, b , our definition of solution tube is equivalent to the notion of solution tube introduced in 5 .
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We consider the following problem.
3.3
Let us define the operator
Proof. We first observe that from Definitions 2.30 and 3.1, there exists a function h ∈ L
Let {x n } n∈AE be a sequence of C Ì, Ê n converging to x ∈ C Ì, Ê n . By Proposition 2.9,
where K : max t,t 1 ∈Ì |e 1 t 1 , t |. Then, we must show that the sequence {g n } n∈AE defined by
We can easily check that x n t → x t for every t ∈ Ì 0 and, then, by C-ii of Definition 2.30, g n s → g s Δ-a.e. s ∈ Ì 0 . Using also the fact that g n s ≤ h s Δ-a.e. s ∈ Ì 0 , we deduce
n by Theorem 2.10. This prove the continuity of T I .
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For the second part of the proof, we have to show that the set T I C Ì, Ê n is relatively compact. Let y T I x ∈ T I C Ì, Ê n . Therefore,
3.8
So, T I C Ì, Ê n is uniformly bounded. This set is also equicontinuous since for every
By an analogous version of the Arzelà-Ascoli Theorem adapted to our context,
is relatively compact. Hence, T I is compact.
We now define the operator 
3.10
The following result can be proved as the previous one.
Now, we can obtain the main theorem of this section. 
Proof. By Proposition 3.2 resp., Proposition 3.3 , T I resp., T P is compact. It has a fixed point by the Schauder fixed-point Theorem. Proposition 2.27 resp., Proposition 2.28 implies that this fixed point is a solution for the problem 3.2 . Then, it suffices to show that for every solution x of 3.2 , x ∈ T v, M .
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Consider the set A {t ∈ Ì 0 : x σ t − v σ t > M σ t }. By Remark 2.23, Δ-a.e.
on the set A {t ∈ A : t σ t }, we have
3.11
If t ∈ A is right scattered, then μ Δ {t} > 0 and
3.12
Therefore, since v, M is a solution tube of 1.1 , we have Δ-a.e. on {t ∈ A : M σ t > 0} that
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On the other hand, we have Δ-a.e. on {t ∈ A : M σ t 0} that
3.14 This last equality follows from Definition 3.1 iii and Proposition 2.20.
If we set r t : resp., x satisfies 1.4 , then r a ≤ 0 resp., r a − r b
Lemma 2.24 implies that A ∅. Therefore, x ∈ T v, M and, hence, the theorem is proved.
Existence theorems are obtained in 7 for the problem 1. Proof. Observe that L > 0 since f is unbounded. By hypothesis, there exists a constant K :
KΔs.
3.16
Then, M Δ t K for every t ∈ Ì and, thus,
for every t ∈ Ì and every p ∈ Ê n . Then, if we take v ≡ 0, we get a solution tube v, M for our problem and by Theorem 3.4, the problem has a solution x such that x t ≤ x 0 1 K t−a for every t ∈ Ì. We consider the following problem. 
4.1
where x t is defined in 3.3 .
Let us define the operator T P * : C Ì, Ê n → C Ì, Ê 
4.2
The following result can be proved as Proposition 3.2. Here is the main existence theorem for problem 1.2 . 
